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ABSTRACT 

Convexity preserving properties of certain totally 
positive density functions are shown to hold under 
weaker restrictions. These results generalize 
work of Karlln (1963) and Karlln and Proschan (1960) 
concerning convexity preserving transformations. 
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ON CONVKXITY PRESKRV1NC FAMILIKS 

OF PROBABILITY DISTRIBUTIONS 

by 

W. R. van Zwet 

1.     INTRODUCTION 

Let    F0    be a family of probability distribution functions on    R      with 

parameter    9 E T ^ R    ,  and  let    X    denote the union of the supports of  these 

distributions.    For    k > 0  ,   let    {g0,  g. 81..i ^    be a set of real-valued 

finite  functions on    X    that are integrable with respect  to    F      for all 
8 

6 e T    and define 

x1(e) =yg1(x) dFe(x),    1 = 0,1 k + 1. (1.1) 

Following S.  Karlin and W.   J.   Studden in [3]  with a minor modification,  we shall 
j      . 

say that    {g0, g  ,   .... g..,}    constitute a ueak complete Tahebyaheff System 

(WCT-system)  if for each    0 < m < k + 1    and all    x_ < x.  <  ... < x    e X    the ■      - 0 1 m 

determinant 

[ 
det^CXj))^ m>0; (1.2) 

the system is called a complete  Tahebyaheff system  (CT-systen) if the inequality 

is always strict. The difference between this definition of a WCT-systcm and the 

one given in [3] is that we retain the case where g0, g., .... g  are linearly 

dependent on X for some m < k + 1 ; in that case any choice of g .1 » •••» g^.i 

will trivially satisfy definition (1.2). We shall also express inequalities 

This research was supported in part by the Office of Naval Research Contract 
Nonr-3656 (18) while the author was visiting at the University of California in 
Berkeley. 

University of Leiden. 
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(1.2) by ~ying that gk+l i g n raLiz 

{ 0. • • • • gk } • 

onv x wi th r espect to th~ weT- system 

Our discus sion of \~CT-systems will involve the related concept of total 

posi tiv ity (cf . [1) ). A function f(x, 6) on X x T i s said to be tota LLy positive 

of ord r n(TP ) 
n 

if for very 1 ~ m ~ n , all x1 < x2 < .•• < xm £ X and all 

det(f(xi, ) ) > 0 • 
i,j .. l, ... , m 

(1.3) 

The firs t question thdt comes to mind in this contex t is whether one can find 

condi ti ns on the family F6 tha t ensure that {x0 , x1 ... , xk+l } will be a 

WCT-syst m on T wh nev r {g0 , g1 , ... , gk+l} constitutes a weT-system on X 

If the family F6 possesses densities p(x, 6) with res pec t to a a-finite 

measure with spec trum X and h~nce 

th i s question is easily answered . We have for each 0 < m < k + 1 - - (cf. [1]) 

where in eo h de t erminnn i and j run from 0 to m . It follow~ that the 

condition t hat p is TPk+2 is certainly sufficient; since we r equi re tha t 

{x0 , ... , Xk+l } wil l inherit the WeT-property for every WeT-syst em {g0 , ..• , gk+l }' 

the condition is essentially also necessary (by "essentially" is meant that for 

any e1 < .•• <em the defining inequality (1.3) need not hold on a set of 

produc t-measure 0). Wente that the fact that F
6 

are probability distribution 

fun c t ions i s not u ed in establishing t he condition . 



In view of this general result it is hardly surprising that recent discussions 

of convexity preserving properties (cf. [1] and [2]) have been confined to 

families of densities that are totally positive of the appropriate order. However, 

one usually does not discuss the class of all WCT-systems of a given order but 

restricts attention to a relatively small subclass (e.g. the case where 

g, » g,  for 1 ■ 0, 1, ..., k) . Also one often imposes additional restrictions 

on the family Ffl  to ensure that for those systems (gn, ..., g. .,)  that are 

considered,  {x0, .... Xk+iJ will also belong to some restricted class. 

In Sections 3 and 4 of this paper we Investigate how far the TP. - condition 

for p can be relaxed In two such restricted cases that seem to be important 

In practice.  Like Section 1, the second section is of an expository character. 

i 
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2. CONV EXJTY OF ORDER k 

Let f be a real-valued finite function defined on an arbitrary set 

Y c R
1 

• For k ~ 0 we shall say that f is convex of order k (Ck) if f 

is generalized convex with respect to the CT-system 
2 k {1, y, y , ••. , y }, i.e., 

if for all 

1 
2 k 

f (yl) yl yl yl 

1 
2 k 

f (y2) y2 y2 y2 

Df(yl, •.. , yk+2) "" > 0 . (2.1) 

1 2 k 
f (yk+2) yk+2 yk+2 yk+2 

For k c 0, 1 , (2.1) reduces to the ordinary definitions of nondecreasing 

or (measurable) convex functions. Generally speaking (2.1) is an extension of 

the concept of nonnegative (k + 1) - th derivative. Ck functions we=e 

extensively studied by T. Popoviciu in [6] . We note that S. Karlin [1] refers 

to Ck functions as convex of order (k + 1) . 

If P denotes a polynomial of degree at most m , then equivalent 
Dl 

d finitlons of the c 
k 

prop rty are obviously 

(A) (cf. [1]). For every Pk' f- Pk changes sign at most (k + 1) 

times on Y If tt does have (k + 1) sign-changes , the signs occur 

in the ord r t+l k (-) , (-) , ..• , +, -, + for increasing values of the 

argument. 

(B) For every y1 < y2 < ••• < yk+2 £ Y, the Pk+l having Pk+l(yi) • 

f(y
1
), i • 1, 2, ... , k + 2, has nonnegative coefficient for its 

(k + 1) - th degree term. 



Lemma 2.1: 

Th r is a lso a close conn ction with dif( r nces . Let 

1 
6h f(y) c f(y +h) - f(y) 

6~ f(y) = 6~ ~-l f(y) = jiO (-l)m-j (~) f(y + jh) 

and genera ly 

m 
'"' L (-l)m-j 

j=O 

Fur thermor e le t 

'II' (y 
l~i<j~k+2 j 

yk+2) 
- y ) 

i 

5 

(2.2) 

(2.3) 

(2.4) 

since the denominator is positive for yl < y2 < ••• < yk+2' of may 

b r plac d by D* 
f 

i n defini tion (1 . 1). Th followjng r lation between 

D( and diff e r~nce may b prov d by induction on k • 

If n denotes the se t of pe r mutations • ( '11' (1), (2) , ••. , (k + 1)) of 

the numbers 1, 2, ... , k + 1, then 
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We note tha t for h1 == h2 = ..• ""hk+l "'h, (2.5) reduces to 

(k + 1}! hk+l D~(y, y + h, ••• , y + (k + 1) h) • (2.6) 

It follows from Lemma 2.1 that if f is Ck on Y , then for all h1 , h2 , ••• , 

hk+l > 0 • 

j 
whenever defined, i.e., whenever all y + L hi E Y . 

v•l v 

(2. 7) 

In the special case that Y is an interval there is also a converse result 

and the following definition of '.he ck property is equivalent to (2.1) in this 

case: 

(C) f is (Lebesgue)-measurable and for h > 0, y E Y, y + (k + 1) h E Y , 

fl~+l f(y ) ! 0 . (2.8) 

In this case , however, the Ck property is hardly a generalization of nonnegative 

(k + 1) - th derivative at all. In fact, if Y is an open interval and 

k ~ 1, definition (2.1) ensures continuity of f on Y and is equivalent to 

(D) f is (k - 1) times continuously differentiable and f(k-l) is convex 

on Y • 

Finally we consider the special case where Y is a set of consecutive int~gers. 

For integer h > 0 

flk+l f(y) • 
h 

h-1 
r (2.9) 

~+1-o 
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Combin i ng (2.6) and (2.9) we find that the Ck property may be de fined in this 

case by 

(E) For all y, y + k + 1 £ Y 

(2.10) 

For furth e r detail s concerning the definitions given above the re Dd er j s referred 

to [ 6]. 

Let fl and f2 be real-valued finite funct i ons on y . We sha ll say that 

f2 is ck with respect to f l on y if there exists a ck function f on 

f 1 (Y) such that f2 c f(fl) on y If fl is nondecreasing on y and f2 

is constant on any set where fl is constant, this reduces to 

1 fl(yl) 
2 

fl(y1) 
k 

f1(y1) f2(yl) 

1 f1(y2) 
2 

f 1 (y 2) 
k 

f 1 (y 2) f2(y2) 

> 0 (2.11) .. 

1 fl(yk+2) 
2 

f 1 (yk+2) 
k 

f 1 (yk+2) f2(yk+2) 

for all yl < y2 < ••• < yk+2 £ y. 



3.  PRKSKRVING CONVKXITY OF ORDER k 

Returning to the setup of Section 1, we let g be a real-valued finite 

function on X that is integrable with respect to F. for all 6 c T and 

define 

x(e) - /g(x) dFe(x) . 

We shall sny that the family F.  preserves convexity of order k If x  is 

C,  on T whenever g Is C,  on X , i.e., whenever g  is generalized convex 

with respect to {1, x, ..., x }  then x is generalized convex with respect to 

v 
(1, 6 6 } . In [1] S. Karlin has shown that if densities p(x, G) with 

respect to u exist, then a sufficient condition for F  to preserve convexity 

of order k is that p is ^P ? and that whenever g is a polynomial of 

exact degree m < k , then x is also a polynomial of exact degree m . According 

to the result of Section 1 the first part of this condition ensures that x 

is generalized convex with respect to the WCT-system 

Jx dFe(x),  1 - 0, 1, .... k , 
9 

whereas the second part ensures that this Is equivalent to generalized convexity 

with respect to {1, 6, .... 6 } . 

However, this condition is not necessary.  For k - 0 a condition that is 

necessary as well as sufficient was given by J. Krzyz in [4]. 

Lemma 3.1; 

X is nondecreaslng on T whenever g is nondecreasing on X if and only 

If the family Ffl is stochastically increasing (i.e., Fe(x) is nonincreasing 

in 9  for every fixed x). 

Since the TP- property of  p is equivalent to monotone likelihood ratio, 

Krzyz's rondltlon Is weaker than Knrlin's for k « 0  (cf.  [5]). 



T* 

For general k  it. is also easy to find a necessary and sufficient condition, 

provided that we restrict attention to those C.  functions g that can be 

extended to a C.  function on an open interval containing X .  Since the convex 

functions constitute a convex cone spanned by the linear functions and functions 

of the form 

h(x) ■ 0       for   x * xo 

x - x0   for   x > x0 , 

we find from definition D of Section 2 that the convex cone of C.  functions 
k 

is spanned by the polynomials P.  of degree at most k and functions of the fo rm 

h. (x) ■ 0 for   x < x_ 
k »0 

(x - x0)    for   x > x0 . 

For k ■ 0 this is obviously also true.  It follows that it is sufficient as well 

as necessary to require that x be C.  whenever g is of one of the forms 

mentioned above. However, If g is a polynomial of degree at most k , then so 

is -g and as a result both x and -X are required to be C. , which implies 

that x is also a polynomial of degree at most k .  Hence we have proved 

Lemma 3.2: 

X is C.  on T whenever g is C.  on an open interval containing X , if 

and only if for every x« 

/(x - x0)
k dFe(x) 

is C.  on T and whenever g is a polynomial of degree at most k the same 

holds for x • 
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Wc note that for k < 1 the condition that the C,  function g can be 

extended to a C.  function on an open Interval containing X Is always satisfied. 

For  k = 0 the lemma reduces to Lemma 3.1. 

Although for k > 1 Lemma 3.2 seems to be fairly uselesr for practical 

purposes, the results obtained so far do seem to Indicate that there exists a ., 

large class of C.  preserving families that do not possess any total posltlvlty 

properties.  The results in the remainder of this section exhibit a number of 

these families. 

Theorem 3.1; 

Let F- and F be distribution functions with characteristic functions 

$,. and $ respectively, and suppose that F is infinitely divisible and has 

F(-0) •= 0 .  If for t > 0, F  denotes the distribution function corresponding 

to ^n ' * • 'ben the family F , 0 < t < " , preserves convexity of all orders. 

Proof; 

Lf:t G  denote the distribution function corresponding to $      and let 

X , t > 0 , be a stochastic process with nonnegative stationary Independent 

increments for which X-, X . ^. - X  and X.., s, t > 0 , have distribution 0      s+t        s t » 

functions    F-, G      and    F      respectively.     For fixed     t > 0    and    h > 0    define 

Zi " Xt+ih " Xt+(l-l)h'    i - L  2.   •••. k + ! • 

Z.,  Z-,   ....  Z.   .    are Independent and Identically distributed random variables 

that are also independent of    X    .    Hence, because of  the exchangeability of 

Zl Zk+1 ' 
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[X (-i)k+1tr) • w i ^-] ■ 

E|    l     (-l)k+1"J l g(x + Z.    +  ... +Z,   )    - 
Lj-0 Kl <...<! <k+l 11 ^J 1-••••-*-- 

- E 
L   1 k+l J 

Si nee Z , ..., Z. . *0 with probability 1, the last expression is nonnegative 

for every C.  function g and all x by (2.7). As a result 

Ak+1 
Ah ^ ■ 4X (-1)k+1'J (T) ^w] ^ 

for all t > 0 and h > 0 . As x Is a measurable function defined on the 

interval  [0,») , It Is C.  by definition C of Section 2. 

If we consider only Integer values of t in Theorem 3.1, we may drop the 

assumption that F is infinitely divisible without affecting the proof. The 

k+l 
C.  character of x on the integers now follows from A.  x > 0 by definition 

E of Section 2. Specializing to the case where F0 is degenerate at 0 we 

obtain: 

| ! Corollary 3.1; 

Every family F , n ■ 1, 2, ....  of n-fold convolutions of a distribution 

function F. having F,(-0) - 0 preserves convexity of every order. 

We note that the fact that F  preserves convexity of order k was proved 

by S. Karlin and F. Proschan in [2] under the additional assumption that F. 

J 
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possesses a density p that is a P61ya frequency density of order k + 2 

(I.e.,  p(x - y)  Is TP^2 In x and y) . 

Another special case of Theorem 3.1 Is obtained by assuming F to be 

degenerate at 1, In which case the theorem reduces to 

Every location parameter family Ffl(x) ■ G(x - 6), -• < 6 < " , 
ü 

preserves convexity of every order. 

This result is of course rather trivial. Without invoking Theorem 3.1, 

it follows at once from 

A!;
+1
 x(e) - AJ+1 fg(x  + 6) dG(x) - /AJ+1 g(x + O) dG(x) . 

In the same manner one easily verifies 

Every scale parameter family FQ(x) - G(x/9 ) , 0 < 6 < » , preserves 

convexity of every odd order. If moreover G(-0) ■ 0 , then the 

family preserves convexity of all orders. 
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4.     INVARIANT CONVEXITY PRESERVING  FAMILIES 

^et     81»  8o»  Xi    and    Xo    be defined as  In Section 1.     We shall say that 

F      Is  Invariant convexity preserving  If, whenever    g.     Is nondccrcaslng and 

g«    Is convex with respect  to    g.     on    X ,  then    Xi     Is nondecrcaslng and    y« 

Is convex with respect  to    Xi     on    T  .     In terms of WCT-systems we may express 

this property by requiring that  for every WCT-system of  the form    {1,  g.,  g-} 

the corresponding system    {1,   Xi»   Xo^    ^s also a WCT-system. 

In the first place this definition asserts that  the family    F.    preserves 

the monotoniclty of    g.     and hence by Lemma 1 the family  is stochastically 

increasing;    T      also preserves convexity (of order 1)  provided that the 
9 

parameter  is subjected  to a suitable nondecreaslng  transformation 

n - n(e) - /x dFe(x)   . 

Moreover, this convexity preserving property is invariant under nondecreaslng 

transformations g.  of the random variable, the appropriate monotone transformation 

of 6 then becoming x-,   •  It Is precisely because of this Invarlance that we 

do not require that F  be convexity preserving with respect to 9 Itself; i.e., 
9 

that  n be linear in 9 .  This property would be destroyed by nonlinear 

transformations g.  anyway and would only result In fixing a possibly awkward 

parametrizatlon. 

From the general result of Section 1 it follows that F0  is invariant 

convexity preserving if the density p is TP_ .  The following theorem provides 

a necessary and sufficient condition. 

Theorem A.1; 

Define    F-(x)  » 1 - F0(x)   .     The family    F.     is  invariant convexity preserving 
0 9 9 
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if and only if {1, FgC^), Fg^)) ls a  WCT-syatem on T for every fixed 

pair x. < x» . 

Proof; 

The condition assorts that for x. < x~ and 0« < ®l < ®9 » 

1  F^Cxj) 

1 F^Cxp > 0. 

1 

1 

1 

V1' F6()(x2) 

F9i(x2) > o . (4.1) 

The first inequality means that F „ is stochastically increasing and we have 

already remarked that this is necessary and sufficient for Xi  to be 

nondecreasing whenever g,  is.  We may therefore assume that FQ(x)  is 

nondecreasing in 9 for every fixed x and restrict attention to the second 

inequality. 

Let g.  be nondecreasing and let g2 ■ fCg.) where f is convex on 

g,(X) .  Since a convex function can be extended to a convex function on an 

interval, the same reasoning that we used in the proof of Lemma 3.2 shows 

that we need only be concerned with functions f that are linear and functions 

f of the form 

f(y) - 0 

y-yo 

for 

for 

V iVr 

y > y0 • 
(4.2) 

Without  loss of generality we may assume that    y0 ■ gi(x
0)  G g.(X)   .     For linear 

f  ,   X',     is  linear  and hence convex with  respect  to    Xi   •     Only  functions    f    of 

the  form  (4.2)   remain  to be considered  and  as a result we have  the  following 

necessary and  sufficient condition  for a stochastically  increasing  family    F 

to be  invariant  convexity preserving: 



For Pv e r y nond ec reasing g
1 

and every x0 E X , 

.. 
x

2
(e) c Jr (g1 (x)- g

1
(x

0
)) dF

0
(x) 

xo 

i S CO nVl'X w i th t"t'S p f'C t to X} (0) 

15 

Ry a n appr t>xim;tl l un a r gument one s hows that it is s ufficif' nl to conside r 

on l y thos •· fun c tions g 1 
tha t a r c l ef t -continuot:s , nond ec r ca s ing step- functions 

as s uming f i nit Pl y ma ny values. But the n the above cond i tion becomes: 

For all m = 1, 2, ... ' all all 

i z 1, 2, •.• , m, all 1 ~ 1
0 

~ m and all c , 

(4. 3) 

i s conve x wi th r e s pec t to 

(4.4) 

Si ncP (4 . 4) is nond ec~ea sing in e and (4.3) is cons t ant on any s e t whe re (4.4) 

is cons t ant, t~e de t e r minantal convexity definition (2.11) for k • 1 applies. 

By sub t r ac t i ng from the s econd column in this det e r mir.ant we find that convexity 

of (4. 3) wi th r es pe c t to (4.4) is equival Pnt to 

i -1 0 m 
1 L a/e (xi) L a/e (xi) 

i•1 0 i -= i 0 0 

(4.5) 

i -1 
0 m 

L a/e (xi) L aiFO (x . ) 
1=1 2 i r i

0 
2 l 

1 



i -1 
0 

l: 
i=l 

1 

1 

16 

> 0 . -

Ry ch0usin~ i
0 

c m = 2 we find that condition (4.1) is necessary; since every 

term In (4.5) has it is also s ufficient. This completes the ~roof of the 

theorem. 

It may be of interest to compare the sufficient condition that Fe possesses 

a TP
3 

density p(x. e) with the necessary and sufficient condition of the 

theorem. One easily shows that the TP3 assump t ion for p implies that 

Fe(x) is TP3 • or 

for and By letting tend to -~ we see that 

(4.6) implies (4.1). Hence the condition that Fe(x) be TP
3 

is also suffic~ent 

for Fe to be invariant convexity preserving. 

If we restrict o~rselves to the special case where the paraDeter set T ~s 

an interval and Fe(x) is d i fferentiable with respect to e • it turns out that 

theorem 4.1 involves a TP
2 

i nstead of a TP
3 

condition. 

!.t• t T bf' : 111 lllt< · rv . ol :111d ll't 
a -

q( x 'l ) • - F (x) • ao o hl' dl'flrwd on T for 
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all x Then the family Fe is invar'iant convexity preserving if and only if 

q is TP 2 • 

Pr00 (_: 

The first inequality in (4.1) is equivalent to q ~ 0 Since Fe(x2) 

is constant on any set where Fe(x
1

) + Fe(x2) is constant and the latter is 

nondecreasing in e , the second inequality of (4.1) asserts that Fe(x2) is 

convex with respect to Fe(x
1

) + Fe(x2) . This in turn is equivalent to 

q(x
1

, e
1

) q(x
2

, 9
2

) - q(x
1

, e
2

) q(x 2, e
1

) ~ 0 for x
1 

< x2 and e
1 

< e
2 

• 

It is tempting to ask whe~her Theorem 4.2 can be generalized. One 

conceivable generalization would deal with invariant Ck preserving families 

r
6 

, i.e., families for which x
1 

is nondecreasing and x2 is Ck with respect 

to whenever is nondecreasing and is ck with respect to 

However, even a cursory inspection shows that only trivial examples cf such 

families exist. The necessary requirement that x2 be a polynomial in x1 

of degree at most k whenever g
2 

is a polynomial in g
1 

of degree at most 

k , cannot be satisfied for every nondecreasing g
1 

except in a trivial 

manner. 

A more promising ~eneralization is to consider f 1mil i es Fe that transform 

WCT-systems {1, g1 , ... , gk+l} into WCT-systems \1., x1 , ... , Xk+l} . If one 

restrict attention to the case where X and T are intervals and and 

Fe satisfy certain regularity conditions, one shows in a fairly straightforward 

manner that a necessary and sufficie nt condition on Fe is that q be TPk+l , 

~hus generalizing Lemma 3.1 and Theorem 4.2 to the case where k > 2 . . We may 

conclude that although something may be lost for k ~ 2 , the basic reason that 

Theorems 4.1 and 4.2 work is not the fact that k 1 in that case, but that 

g0 = 1 and that Fe are probability distributi on fun c tions . 
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